The aim of this work is to study some properties of the Lie derivative and the exterior derivative connecting with the linear connection on the algebra. For an application, our interest for studying of the Lie derivative of differential forms on linear algebra from the ideas for using the Lie derivative of the linear connections. It will be useful in studying on the curvature tensor and the sorsion tensor.
INTRODUCTION
The primary goal of this work is the extension of the operations of the Lie derivative and the exterior covariant derivative to objects defined on the module of derivations of a linear algebra. It is known that the technique of the Lie derivative and the exterior covariant derivative is widely used in the theory of motions on Riemannian manifold, afine and projective connection spaces, and theiri generalizations. The linear connection in geometry was introduced by H. Weyl in 1918, and the afine connection was defined by E. Cartan ([3] , 156) in the general form. One of the main problems of the geometry of a space equipped with a differential-geometric structure is the study of the automorphism group of this space.
In studying the Lie algebras of differential-geometric structure automorphism groups, an important role is played by the Lie derivative operation, which was first introduced by Slebodzinski in 1931 -1932 ([11] ). For the first time, as applied to vector and tensor fields, the Lie defferential operation was considered by van Danzig, Slebodzinski, Davis, Schouten, and van Campen ( [11] ). The fundamental results in the Lie derivative theory in generalized spaces are due to V. V. Vagner. The problem consisted of generalization of the operations which has an invariant sense only when it is applied to a scalar field, to the case of tensor field and connection object. The Lie differentiation theory plays an important role in studying automorphisms of differential geometric structures. In a more developed form, this theory is presented by K. Yano ([20] ). An important contribution to Lie derivative theory on smooth manifolds that are considered over a certain base by using a submersion was made by B. N. Shapukov ([17] ).
In recent decades, the Lie derivative of forms and its application was investigated by many authors (see [8] , [10] , [20] [9] , [14] , [15] , [16] , [20] and the references given therein). In 2012, basing on the Lie derivative of differential forms, Kieu Phuong Chi, Nguyen Huu Quang and Bui Cao Van (see [4] ) constructed the Lie derivative of the real currents on Riemann manifolds and gave some applications on Lie groups. In [5] , Kieu Phuong Chi, Nguyen Huu Quang and Bui Cao Van studied the Lie derivative of differential forms of bidegree stems from the ideas for construction of Lie derivative of the currents of bidegree. It will be useful in studying plurispotential. The main goal of the present work is to investigate some properties of the Lie derivative of differential form along vector field on the linear algebra B, the exterior covariant derivative of differential form and the Lie derivative of linear connections on the linear algebra B. Our interest for studying the Lie derivative of differential forms on linear algebra from the ideas for construction of the Lie derivative of linear connections. It will be useful in studying on the curvature tensor and the sorsion tensor.
Preliminaries
We begin recalling concept and properties of the Lie derivative of forms along vector field X on Riemannian manifold. Let M be the Riemannian manifold. The set of differential fields on M is denoted by B(M ) and the module of all defferential k-forms on M is denoted Ω k (M ).
Definition 2.1. Suppose that X ∈ B(M ), ω ∈ Ω k (M ) and let {ϕ t } be an one-parameter group of transformations on M generated by X. The map
is called the Lie derivative of ω with respect to X and is denoted by L X ω, where (L X ω) p is defined by:
where (ϕ t ) * ω is the pull-back of ω along ϕ t .
Then the Lie derivative of f with respect to X, is denoted by L X f and is defined by:
is a linear map. We now state a number of properties of the Lie derivatives without proofs. Most of these proofs are fairly straightforward computations, often tedious, and can be found in most texts, including Warner [18] , Morita [19] and Gallot, Hullin and Lafontaine [7] .
For every X ∈ B(M ), for all ω ∈ Ω k (M ) and for all µ ∈ Ω r (M ), we have
We consider that, for every vector field X ∈ B(M ), for all k ≥ 1, there is a map, i X :
Obviously, i X is F(M )-linear and i X ω is a smooth (k − 1)-form. When k = 0, we set i X ω = 0, and i Xp ω p = (i X ω) p , ∀p ∈ M, where i Xp is the interior product (or insertion operator). We have i
Now, we assume that A, B andB are three commutative and associative algebras with units, and, moreover, let A be constructed on a certain field P and B over the algebra B. Assume that the rank of the algebra A is finite. Let us consider the derivations of the algebra B andB. The set of all derivations of the algebra B is denoted by F. The set of all derivations of the algebraB is denoted byF. As we know (see [16] ), each derivation X ∈ F is an A-linear self-mapping of B satisfying the condition X (f g) = (Xf ) g + f (Xg) for all f and g from B.
Thesum X + Y and the product aXa ∈ A are dened by (X + Y ) f = Xf + Y g anh (aX) f = a (Xf ). When the set F with these operations is an A-module.
Alinear and satises the following identities:
(2.6)
The Lie derivative of differential form on algebras
It is known that, the technique of the Lie derivative and the covariant derivative is widely used in the theory of motions of Riemannian manifold and their generalizations. In this section, we give a definition of the Lie derivative of differential k−form on algebras and its properties.
Definition 3.1. Let ϕ : B →B be an algebra isomorphism. Then the map ϕ * : F →F defined by
is called the push-forward map of ϕ.
Proposition 3.2. The map ϕ * : F →F is the Lie isomorphism.
Proof. We easily prove ϕ * is a homomorphism. For every X, Y ∈ F, we have
Now, we will prove (ϕ * ) −1 = (ϕ −1 * ). Indeed, for every X ∈ F,X = ϕ * X, we have
Hence, ((ϕ −1 ) * = (ϕ * ) −1 . So that ϕ * is the Lie isomorphism.
Proof. i) For every X ∈ F, f ∈ B,g ∈B, we have
Hence, ϕ * ∇ ia a linear connection onB.
Proposition 3.4. Suppose that R and T be the curvature tensor and sorsion tensor on B such that (ϕ * T )(X,Ỹ ) = ϕ * (T (X, Y )) and (ϕ * R)(X,Ỹ ,Z) = ϕ * (R(X, Y, Z)), ∀X, Y ∈ F. Then ϕ * R and ϕ * T are the curvature tensor and sorsion tensor onB.
.
So that ϕ * T is a sorsion tensor onB.
On the other hand, we have
Hence, ϕ * R is a curvature tensor onB.
The vector space of all k-forms on B is denoted by Ω k (B, F).
Definition 3.6. Let ϕ : B →B be an algebra isomorphism. Then the mapping
is called the pull-back of ϕ, where ϕ * ω is defined by
for all X 1 , X 2 , ..., X k ∈ F, is called the Lie derivative of differential k−forms ω on B along vector field X.
for all ω ∈ Ω k (B, F), for all X 0 , X 1 , X 2 , ..., X k ∈ F, is called the exterior derivative operator of differential k-form on B with value in F. Now, we introduce the definition of the inner derivative which acts on the forms lowering their degree by one along a vector field X. Definition 3.9. Let X 1 , X 2 , ..., X k , X k−1 ∈ F, and ω ∈ Ω k (B, F). Then the mapping i X :
for all X 1 , X 2 , ..., X k−1 ∈ F, is called the inner derivative which acts on form lowering their degree by one along a vector field X.
For all ω, µ ∈ Ω k (B, F); ψ ∈ Ω l (B, F); X ∈ F, we have
We had known the Cartans formula (see [10] ,...) for the Lie derivative of differential forms on manifold states
The following formula gives the Cartans formula for the Lie derivative of forms on algebras.
If ω ∈ Ω k (B, F) is a closed form, then we have L X ω = 0 if and only if i X ω is a closed form, for all X ∈ F.
Lie derivative of linear connection
Let ∇ be a linear connection defined on B and let X be a derivation of F.
for all X, Y, Z ∈ F, is called the Lie derivative of the linear connection on B.
The definition of the Lie derivative L X ∇ easily implies the following example. 
The definition of the Lie derivative L X ∇ easily implies the following propositions.
Proposition 4.3. Let R and T be the curvature tensor and sorsion tensor on B; letX = ϕ * X, ∀X ∈ F. The LX satisfies the following identitys holds:
By using the definition of the Lie derivative L X , we have:
Proposition 4.4. LetX = ϕ * X,Ỹ = ϕ * Y,Z = ϕ * Z, ∀X, Y, Z ∈ F and let T be a sorsion tensor on B. The following identity holds:
Proof. Since T is the sorsion tensor on B, thus, applying Proposition 3.4, we obtain ϕ * T is the sorsion tensor onB. Therefore,
5. The exterior derivative connecting with the linear connection Definition 5.1. Given a connection ∇ on algebra B. The exterior derivative connecting with the connection ∇ on algebra B is defined by the following formula:
and the covariant derivative of ω ∈ Ω k (B, F) connecting with ∇ on algebra B is defined by the formula:
Remark 5.2. Let T be a sorsion tensor on B and the identity mapping I : F → F defined by I(X) = X, for all X ∈ F. The following identities holds:
Proof. i) For all X, Y ∈ F, we have
ii) For all X, Y, Z ∈ F, we have
Since T is a sorsion free tensor, thus T = 0. Hence,
Remark 5.3. Let ϕ : B →B be an algebra isomorphism. Then we have
Proof. For all X 0 , X 1 , ..., X k ∈ F, for all ω ∈ Ω k (B), we have .
From (1) and (2) we obtain
+ L X 0 (ω(X 1 , ..., X k )) − ∇ X 0 (ω(X 1 , ..., X k )).
